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We study the mechanical effects of light on an atom trapped in a harmonic potential when an
atomic dipole transition is driven by a laser and it is strongly coupled to a mode of an optical
resonator. We investigate the cooling dynamics in the bad cavity limit, focussing on the case in
which the effective transition linewidth is smaller than the trap frequency, hence when sideband
cooling could be implemented. We show that quantum correlations between the mechanical actions
of laser and cavity field can lead to an enhancement of the cooling efficiency with respect to sideband
cooling. Such interference effects are found when the resonator losses prevail over spontaneous decay
and over the rates of the coherent processes characterizing the dynamics.
I. INTRODUCTION
Sideband cooling of atoms in harmonic traps has been
demonstrated to be a successful technique for preparing
the atomic center-of-mass in states of high purity [1, 2].
This technique exploits the coupled dynamics of external
and internal degrees of freedom due to a laser drive, in the
regime in which the energy levels of the center-of-mass os-
cillator can be spectrally resolved [3]. This regime can be
achieved by properly choosing atomic species which offer
a dipole or quadrupole transition whose linewidth ful-
fills this requirement. In absence of a suitable transition,
the desired enhancement of the scattering processes lead-
ing to cooling can be achieved by appropriately coupling
atomic levels, as in the case of Raman-sideband cool-
ing [1, 2], or by means of an optical resonator, thereby
exploiting the modified structure of the electromagnetic
field [4, 5, 6, 7, 8, 9, 10, 11, 12]. It should be remarked
that the discreteness of the spectrum of the center-of-
mass motion, which is here a harmonic oscillator, may
give rise to peculiar scattering properties, which are due
to interference between the mechanical excitations in-
duces by the mechanical effects of light, and may result in
a critical enhancement of the rate of scattering into cer-
tain atomic levels [4, 10]. As a consequence, parameter
regimes can be encountered, where the cooling efficiency
is appreciably enhanced. In particular, in [11] ground
state cooling has been predicted in a broad parameter
regime for atomic transitions coupled to good resonators,
even when the atomic transition linewidth does not allow
for spectrally resolving the excitations of the center-of-
mass oscillator.
In this article we investigate how the dynamics of a
trapped atom is modified by the presence of an opti-
cal resonator, when the resonator decay is the prevail-
ing loss mechanism. We consider an atom confined in a
bad resonator and driven transversally by a laser, in the
regime in which the motion can be sideband cooled to the
ground state in free space. We start from the equations
presented in [10], which we rederive using the resolvent
formalism [13], and study the predicted dynamics. We
find that interference between the mechanical effects of
resonator and laser can appreciably enhance the ground
state cooling efficiency, which can result larger than side-
band cooling. Such dynamics are accessed when the res-
onator decay rate exceeds by several orders of magnitude
the trap frequency, and exhibit a non-trivial dependence
on the geometry of the setup. They could be observed in
experimentally accessible parameter regimes.
This article is organized as follows. In Sec. II the model
is introduced, and the basic equations for the motion are
derived. In Sec. III we discuss the dynamics of cooling.
In Sec. IV the conclusions are drawn.
II. MODEL
FIG. 1: (a) A mode of an optical resonator couples with
strength g˜ to the atomic dipole, which is driven transversally
by a laser at Rabi frequency Ω. The atomic motion is confined
by an external harmonic potential at frequency ν. The sys-
tem dissipates by spontaneous emission of the atomic excited
state at rate γ and by cavity decay at rate κ. (b) Internal
dipole structure and comparison among the frequency of the
laser, ωL, of the dipole transition, ω0 = ωL − ∆, and of the
cavity mode ωc = ωL− δc. Further parameters are defined in
Sec. II.
We consider an atom of mass M , which is confined
by a harmonic potential of frequency ν inside an optical
resonator. The atomic dipole couples to a mode of the
cavity field and to a laser, as shown in Fig. 1(a). The
atom internal degrees of freedom, which are relevant to
the dynamics, are the ground state |g〉 and the excited
2state |e〉, constituting a dipole transition at frequency ω0.
The cavity mode is at frequency ωc and wave vectors kc,
the laser is at frequency ωL and wave vector kL. The in-
ternal structure and couplings are depicted in Fig. 1(b),
where ∆ = ωL−ω0 and δc = ωL−ωc denote the detunings
of the laser from dipole and cavity, respectively. Dipole
and cavity mode are coupled to the external modes of
the electromagnetic field into which the atom can spon-
taneously emit and to which the cavity field decays by
the finite transmittivity of the mirrors.
In the following, we consider the quantum mechanical
motion of the atomic center of mass. In particular, we
restrict to the motion along the x-axis, and neglect the
motion in the transverse plane assuming tight transversal
confinement. This assumption simplifies the treatment,
and at the same time allows to highlight the basic fea-
tures of the dynamics. In particular, we treat system-
atically the dependence of the mechanical effects on the
geometry of the setup, here given by the angles θc and θL
of cavity and laser wavevectors with the motional axis,
as shown in Fig. 1(a), such that the wavevectors compo-
nents along x are kcx = k cos θc and kLx = k cos θL.
The Hamiltonian describing the quantum dynamics of
atomic dipole, center of mass, and electromagnetic field
(e.m.f.) modes, in the reference frame rotating at the
laser frequency, is
Htot = H0 +W (1)
where H0 describes the coherent dynamics in absence of
coupling between atom and e.m.-field, and reads
H0 = h¯νb
†b− h¯∆σ†σ − h¯δca
†a+Hemf (2)
Here, b, b† are annihilation and creation operators of a
quantum of vibrational energy h¯ν of the center-of-mass
oscillator, σ = |g〉〈e| is the dipole lowering operator, and
σ† is its adjointy; a, a† are the annihilation and cre-
ation operators of a cavity photon. The hamiltonian term
Hemf describes the oscillators corresponding to the exter-
nal e.m.f.-modes,
Hemf = −
∑
j
h¯δja
†
jaj −
∑
k
h¯δka
†
kak (3)
where we label with subscript j the modes which cou-
ple to the dipole and with k the modes which couple
to the cavity mode through the finite mirror transmis-
sion. Here, aj , a
†
j , ak, a
†
k are the corresponding anni-
hilation and creation operators, with δj = ωL − ωj and
δk = ωL − ωk their detunings from the laser frequency.
The coupling between atom and electromagnetic field is
described in the electric dipole approximation by opera-
tor W , which we decompose as
W =Wj +Wk +HL +Hat−cav (4)
Here, the terms
Wj = h¯
∑
j
gjσa
†
j
[
1− iη cos θj(b+ b
†)
]
+H.c. (5)
Wk = h¯
∑
k
fk(a
†
ka+ aka
†) (6)
describe the interaction of the external e.m.f-modes with
the dipole and the cavity, respectively, gj and fk are the
coupling strength with the dimension of a frequency, and
η =
√
h¯k2/2M is the Lamb-Dicke parameter, weighting
the mechanical effects of photon recoil. In Eq. (5) we
have used the Lamb-Dicke expansion in first order [3].
The radiative coupling of the atomic dipole with laser and
cavity mode is described by operators HL and Hat−cav,
respectively. Using the Lamb-Dicke expansion, we de-
compose the latter terms into HL = H
(0)
L + H
(1)
L , and
Hat−cav = H
(0)
at−cav +H
(1)
at−cav, where the superscript in-
dicates the order in the parameter η. The terms giving
the coupling with the laser read
H
(0)
L = h¯Ωσ
† +H.c. (7)
H
(1)
L = ih¯η cos θLΩσ
†(b + b†) + H.c. (8)
where Ω is the Rabi frequency. Finally, the terms giving
the coupling with the cavity mode read
H
(0)
at−cav = h¯g cos(φ)a
†σ +H.c. (9)
H
(1)
at−cav = −h¯η cos θcg sin(φ)a
†σ(b + b†) + H.c.(10)
where g is the cavity-mode vacuum Rabi frequency and φ
is a phase which accounts for the position of the trap cen-
ter in the mode spatial function. For later convenience,
we denote the atom–cavity coupling strength at the trap
center by
g˜ = g cosφ
and the coefficients, scaling the mechanical effects of laser
and cavity, by
ϕL = cos θL
ϕc = cos θc tanφ
through which the dependence on the geometry of the
setup enters the problem.
A. Scattering rates
We now evaluate the rates of the scattering processes,
which lead to a change of the vibrational excitation of the
center-of-mass oscillator. We consider the lowest relevant
order in the Lamb Dicke parameter η. Moreover, we
assume that the atom is weakly driven by the laser, and
take thus the Rabi frequency Ω as a small parameter. We
consider the transitions from the initial state
|i〉 = |g, 0c, n; 0j, 0k〉
(11)
at energy Ei, to the final states
|fj,k〉 = |g, 0c, n± 1; 1j,k〉 (12)
3at energyEfj,k , where |g, 0c〉 indicates the atomic internal
ground state and the cavity field vacuum state, |n〉 and
|n ± 1〉 are the initial and final states of the harmonic
motion, as we consider only processes which change the
motional state. The state |0j, 0k〉 represents the external
e.m.f.-vacuum state, the state |1j〉 = |1j , 0k〉 one photon
in one of the modes j due to atomic emission, and the
state |1k〉 = |0j , 1k〉 one photon in one of the modes k
due to cavity decay.
The transition amplitude from the initial state (11) to
the final state (12), beloging to a continuum spectrum,
is the element of the scattering matrix
S
(j,k)
f−i = δif − 2ipiδ
(T )
[
Ei − Efj,k
]
T
(j,k)
f−i (13)
where T
(j,k)
f−i is the element of the transition matrix, which
at first order in Ω and η reads
T
(j,k)
f−i = 〈fj,k|Wj,k
1
Ei −Heff
H
(1)
L |i〉 (14)
+〈fj,k|Wj,k
1
Ei −Heff
H
(1)
at−cav
1
Ei −Heff
H
(0)
L |i〉
Here,
Heff = H0 +H
0
at−cav − ih¯
κ
2
a†a− ih¯
γ
2
σ†σ. (15)
is the effective Hamiltonian at zero order in Ω and
η, and γ, κ are the spontaneous decay and the cav-
ity decay rates, respectively. They are given by γ =
2pi|gj(ω0)|2ρj(ω0) and κ = 2pi|fk(ω0)|2ρk(ωc), with
ρj,k(ω) density of states of the e.m.f.-modes j, k at fre-
quency ω.
The total transition rate into the states of the contin-
uum |fj,k〉, leading to a change of the vibrational excita-
tion by one quantum, is found from the time derivative of
the squared modulus of S
(j,k)
f−i , after taking the sum over
the final states |fj〉 and |fk〉. Eventually the transition
rates read
Γn→n±1 = Γ
γ
n→n±1 + Γ
κ
n→n±1 (16)
where Γγn→n±1 and Γ
κ
n→n±1 are the scattering rates
for the processes in which the vibrational excitation is
changed by spontaneous emission and by cavity decay,
respectively,
Γγn→n±1 = γη
2ξ±
(
α|T±S |
2 + |ϕLT
γ,±
L + ϕcT
γ,±
c |
2
)
(17)
Γκn→n±1 = κη
2ξ±|ϕLT
κ,±
L + ϕcT
κ,±
c |
2 (18)
where
T±S = Ω
δc + iκ/2
f(0)
(19)
T γ,±L = iΩ
(δc ∓ ν + iκ/2)
f(∓ν)
(20)
T κ,±L = iΩ
g˜
f(∓ν)
(21)
T γ,±c = −Ω
g˜2(2δc ∓ ν + iκ)
f(0)f(∓ν)
(22)
T κ,±c = −Ω
g˜
[
(∆∓ ν + iγ/2)(δc + iκ/2) + g˜2
]
f(0)f(∓ν)
(23)
with
f(x) = (x + δc + iκ/2)(x+∆+ iγ/2)− g˜
2 (24)
Here, ξ+ = n+ 1, ξ− = n, and
α =
∫ 1
−1
d cos θj cos
2 θjN (cos θj),
gives the angular dispersion of the atom momentum due
to the spontaneous emission of photons. These expres-
sions agree with the ones found using a density matrix
formalism in [10, 11].
From rates (16) the dynamics of the center-of-mass mo-
tion can be inferred when coherences between different
motional number states are negligible. This assumption
requires ν ≫ ηΩ|ϕL|, η|g˜ϕc|, and it is fulfilled in the pa-
rameter regime in which the rates have been derived. We
can hence construct a rate equation for the occupation
propability pn of the number state |n〉,
d
dt
pn = − (Γn→n+1 + Γn→n−1) pn (25)
+Γn+1→npn+1 + Γn−1→npn−1
These equations can be generalized to describe the dy-
namics of the center-of-mass in three dimensions, as they
have been derived for any geometry of the setup. They
acquire the well-known form, usually encountered in the
literature of laser cooling of trapped ions [3], when writ-
ing
Γn→n+1 ≡ η
2(n+ 1)A+ (26)
Γn→n−1 ≡ η
2nA−, (27)
with A± the so-called heating and coolig rates. In this
manuscript we will characterize the cooling efficiency by
the steady number state occupation 〈n〉St =
∑
n np
St
n ,
where p˙Stn = 0 are the stationary occupation probabil-
ities, and by the rate W at which it is reached. The
expectation value 〈n〉St takes the simple form
〈n〉St =
A+
A− −A+
(28)
for A− > A+, and the cooling rate W is
W = η2(A− −A+) (29)
In the following, we discuss the dependence of these quan-
tities on the cavity and laser parameters in the regime
where the prevailing loss mechanism is cavity decay,
hence for κ ≫ γ, and search for the optimal parameters
leading to ground state cooling, 〈n〉St ≪ 1. Moreover, we
focus onto the regime where κ≫ ν, and more specifically
κ≫ ν ≫ γ.
4FIG. 2: Dominant scattering processes leading to a change
of the vibrational number by one phonon in the bad cavity
limit γ ≪ ν ≪ κ. The states |g, 0c;n〉, |±;n〉 are the cavity-
atom dressed states at phonon number n. These processes
describe scattering of a laser photon by cavity decay. Here,
(a) correspond to T κ,±L and (b) to T
κ,±
c , see text.
III. GROUND STATE COOLING IN THE BAD
CAVITY LIMIT
In this section we investigate cooling of the atom to
its motional ground state in the limit in which the rate
of cavity decay κ is the largest parameter in the system
dynamics and the rate of spontaneous emission γ is very
small. In particular, we focus on the limit γ ≪ ν ≪ κ.
Let us remark that for these parameters ground state
cooling can be already achieved in free space, as in the
Lamb-Dicke regime and for γ ≪ ν the basic conditions
for efficient sideband cooling are fulfilled [1, 2, 3]. Hence,
in this section we aim at identifying regimes, where the
efficiency of sideband cooling can be rised by the presence
of the resonator. Moreover, we search for novel dynamics,
which can basically differ from sideband cooling, and still
lead to an enhanced ground state occupation.
A. Basic processes in the bad-cavity limit
For κ≫ γ the main processes contributing to Eq. (16)
describe scattering of a laser photon by cavity decay.
Therefore in most cases heating and cooling rates are
basically due to photon scattering by cavity losses,
Γn→n±1 ≈ Γκn→n±1, and Γ
γ
n→n±1 are in general small
corrections. Let us now discuss in detail the dynam-
ics described by the two terms adding up coherently in
the transition rates (18). They describe processes where
the motion is changed by mechanical coupling to the
laser (T κ,±L ) and to the cavity (T
κ,±
c ) field. The pro-
cess described by T κ,±L scales with the geometric factor
ϕL, which accounts for the recoil due to absorption of a
laser photon. The transition amplitude T κ,±c describes
the mechanical coupling due to the resonator. It thus
scales with the geometric factor ϕc which accounts for
the recoil due to interaction with the cavity mode. Since
the final state of the two scattering processes is the same,
state |fk〉, they interfere.
These processes can be graphically represented consid-
ering the dressed states {|±;n〉} as intermediate states of
the scattering process, where
|+;n〉 = sinϑ|g, 1c;n〉+ cosϑ|e, 0c;n〉 (30)
|−;n〉 = cosϑ|g, 1c;n〉 − sinϑ|e, 0c;n〉 (31)
with tanϑ = g˜/(−∆c/2 +
√
g˜2 +∆2c/4) and ∆c the de-
tuning between cavity mode and atom. Fig. 2 represents
the term T κ,±L in terms of transitions between |g, 0c, n〉
and these states, showing that the scattering rate is the
coherent sum of six transition amplitudes, weighted by
the geometrical factors ϕL and ϕc. Hence, the dynamics
are in general non-trivial, and may depend critically on
the geometry of the setup. When the splitting between
the dressed states is the largest parameter, the coupling
to one of the dressed states is negligible. Hence, the scat-
tering rate reduces to the sum of two transition ampli-
tudes, and one recovers the result reported in [4]. In [11]
it has been shown, that the result of [4] is a particular
limit of Eq. (18).
B. Efficiency of ground state cooling
In this section we plot the results obtained from our an-
alytical equations (26) with the rates (16)-(18). A com-
parison of their predictions with numerical simulations,
using the quantum Monte-Carlo wavefunction method,
has been presented in [11], where a good agreement has
been found in the regime of validity of the equations.
Figure 3 displays the average phonon number at steady
state 〈n〉St and the corresponding cooling rate W as a
function of δc and ∆, for γ ≪ ν ≪ κ and in the strong
coupling regime, g˜2/γκ ≫ 1, for different geometries,
corresponding to the cases where the mechanical effects
of the resonator and of the laser contribute with different
weights to the cooling dynamics. The dashed curve in the
contour plots represents the function [10, 11]
δopt(∆) ≡
g˜2 + γκ/4
∆+ ν
− ν. (32)
for which A− is maximized. This corresponds to choose
the parameters in order to set the red sideband transi-
tion at a resonance of the atom–cavity system [11]. As it
is visible from the contour plots, high cooling efficiencies
are obtained in the parameters region about this curve.
Nevertheless, the cooling efficiency in certain parameter
regimes depend critically on the geometry - and thus on
whether the mechanical effects are due to the cavity or to
the laser. In Fig. 3(c)-(d), for instance, we see a region of
efficient cooling for δc < 0 and ∆ > 0, which shrinks sub-
stantially in Fig. 3(e)-(f), where the cavity wave vector
is perpendicular to the motion, and hence the mechan-
ical effects originate solely from the coupling with the
laser. In particular, in Fig. 3(c) one sees that low tem-
peratures are achieved for a broad interval of values of
5FIG. 3: Contour plots of the average phonon number at
steady state 〈n〉
St
(left column) and corresponding cooling
rate W (right column) as a function of δc and ∆ (in units of
ν) for γ ≪ ν ≪ κ and three possible geometries: in the first
row θL = θc = pi/4: the mechanical effects of both cavity and
laser contribute to the dynamics. In the second row θL = pi/2
and θc = pi/4: the mechanical effects are solely due to the
cavity. In the last row θL = pi/4 and θc = pi/2: the mechani-
cal effects are solely due to the laser. In the contour plots the
heating regions are not coded and explicitly indicated by the
label H. The dashed lines indicate the curve δopt(∆), Eq. (32).
The parameters are η = 0.1, φ = pi/4, Ω = 0.03ν, g˜ = 7ν,
γ = 0.1ν, κ = 10ν.
the detunings about ∆ = 0 and δc > 0. From compar-
ison with Fig. 3(e)-(f) it is clear, that these dynamics
are particularly sustained by the mechanical effects of
the cavity mode. This parameter regime is analyzed in
Fig. 4, where we compare the cooling efficiency obtained
by taking ∆ = 0, with standard sideband cooling. Here,
it is visible that the coupling to the resonator apprecia-
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FIG. 4: Average phonon number at steady state 〈n〉St and
cooling rate W , in units of ν, as a function of the atom–cavity
vacuum–Rabi coupling g˜ when the mechanical effects are due
both to laser and cavity field (θL = pi/4 and θc = pi/4). The
solid lines are evaluated for ∆ = 0 and at the cavity detuning
satisfying Eq. (32), δc = δopt(0). The dashed lines correspond
to the standard sideband cooling limit, when ∆ = −ν and
there is no coupling to the cavity mode. The other parameters
are η = 0.1, φ = pi/4, κ = 10ν, γ = 0.1ν, and Ω = 0.03ν.
bly enhance the efficiency, such that lower temperatures
and larger cooling rates than with sideband cooling are
predicted.
Interference phenomena, leading to suppression of
transitions, can be found in particular parameter
regimes. In general, one can identify the parameters,
which lead to the vanishing of the blue sideband transi-
tion, Γκn→n+1 = 0. They are identified by solving
ϕLT
κ+
L + ϕcT
κ+
L = 0 (33)
The set of solutions of Eq. (33) includes the result dis-
cussed in [4] as a special limit, which is found when |δc|
is the largest parameter. In general, Eq. (33) is solved
for two different pairs of values {δ±c ,∆
±}, provided that
ϕg˜2/κν > 1 for ϕ > 0 or g˜2/κν|ϕ| > 1 for ϕ < 0, with
ϕ = ϕL/ϕc. This interference could thus be encoun-
tered in two very different physical regimes, either when
g˜2/κν ≫ 1 or g˜2/κν ≪ 1, depending on the value of ϕ,
and thus on the geometry of the setup. This interference
effect is not visible in Fig. 3. In fact, it is in general
washed away at finite values of γ, as in the parameter
regime satisfying Eq. (33) there is appreciable scattering
by spontaneous emission, Γγ+n→n+1. Figure 5 shows the
average number of excitations at steady state as a func-
tion of ∆ and δc at sufficiently small γ, in the parameter
regime where the enhancement of the cooling efficiency
due to this interference effect is visible. This corresponds
to the region that stretches about two points, correspond-
ing to δ±c and ∆
±. The region is broad, showing that the
cooling efficiency is robust against fluctuations around
the values of these parameters. It corresponds to dy-
namics where the heating rate is suppressed due to de-
structive interference between the mechanical effects of
laser and cavity.
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FIG. 5: Contour plot of the average phonon number at steady
state 〈n〉
St
as a function of δc and ∆ (in units of ν) for γ ≪
ν ≪ κ and θL = θc = pi/4. Here, η = 0.1, φ = pi/4, κ = 10ν
(as in Fig. 3(a)) but γ = 0.01ν and g˜ = 2.3ν. The crosses
indicates the points corresponding to {δ±c ,∆
±}. Here, δ+c =
7.8ν, ∆+ = 0.2ν, δ−c = 3.2ν, ∆
− = −0.3ν.
IV. CONCLUSIONS
We have investigated the cooling dynamics of atoms
confined in bad resonators by an external harmonic po-
tential. This study focusses onto ground state cooling,
and it considers the situation in which the linewidth of
the atomic transition is smaller than the trap frequency,
therefore in the regime in which sideband cooling can be
implemented in free space. We have identified novel pa-
rameter regimes in which efficient ground state cooling
is achieved, whose dynamics are sustained by the pres-
ence of the resonator and whose efficiency is appreciably
better than sideband cooling. This occurs when the cav-
ity decay rate exceeds by orders of magnitude the trap
frequency.
This work complements the investigations reported
in [10, 11], which focussed onto the good cavity limit, and
considers situations which could be observed in present
experimental setups [7, 9, 14, 15, 16, 17, 19]. In gen-
eral, these results contribute to a further understanding
of the complex dynamics of the mechanical effects of op-
tical resonators on atoms, whose wealth of phenomena
could be eventually exploited for implementing coherent
control of this kind of systems.
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